Abstract. Considering a holonomic D-module and a hypersurface, we define a finite family of Dmodules on the hypersurface which we call modules of vanishing cycles. The first one had been previously defined and corresponds to formal solutions. The last one corresponds, via RiemannHilbert, to the geometric vanishing cycles of Grothendieck-Deligne. For regular holonomic Dmodules there is only one sheaf and for nonregular modules the sheaves of vanishing cycles control the growth and the index of solutions. Our results extend to nonholonomic modules under some hypothesis.
Introduction
The aim of this paper is to define vanishing cycles of nonregular D-modules and use them to study the solutions of these modules.
The vanishing cycles of a D-module were originally introduced in the case of regular holonomic D-modules [12, 23] . The definition was extended to nonholonomic D X -modules, to the complex of D X -modules and to microdifferential equations in several papers [21, 22, 27, 28] .
If X is a complex manifold and Y a smooth hypersurface of X, the vanishing cycles of a D X -module M is a D Y -module Φ(M). Under a suitable condition (M 'specializable'), the module Φ(M) is coherent. This condition is always satisfied for holonomic D X -modules and then Φ(M) is holonomic.
In the regular holonomic case, the Riemann-Hilbert correspondence is compatible with vanishing cycles. This means that Φ(Sol(M)) = Sol(Φ(M)). Here, Sol(M) is the complex of holomorphic solutions of M that is RHom D X (M, O X ) and Φ(Sol(M)) is the sheaf of geometric vanishing cycles in the theory of Grothendieck-Deligne [7] .
If M is holonomic but not regular, the solutions of Φ(M) correspond to formal solutions of M and they have no connection with holomorphic solutions. This is, of course, related to the fact that formal solutions of nonregular holonomic modules are not convergent. So, it appears that we have to define another notion of vanishing cycles which would be compatible via Riemann-Hilbert with the geometric vanishing cycles for any holonomic module. We will call Φ(M) the sheaf of 'moderate' vanishing cycles to distinguish it from the new ones.
On the other hand, the solutions of nonregular differential equations in dimension 1 were studied in details by Ramis [25, 26] . He calculated the growth and the index of solutions from the Newton polygon of the equation that is from a finite sequence of rational slopes and of integral heights.
In this paper, we define a family Φ(r)(M) of vanishing cycles indexed by a rational number r running from r = 1 (corresponding to holomorphic solutions) to r = +∞ (formal solutions). They will not be coherent
In the holonomic case, the family will be constant in r except for a finite number of values and each module will be a holonomic
. These values of r generalize the slopes of the Newton polygon of Ramis in higher dimension, while the integral heights are replaced here by the characteristic cycles of the D ∞ Y -module. We have
is the same for all r.
More generally, we define a family of vanishing cycles for any D X -module M and any object of the derived category of D X -module. They are defined for each pair (r, s) of rational numbers, such that 1 s r +∞ as objects of the derived category of D ∞ Y -modules and denoted by Φ(r,s)(M). The properties of these sheaves are connected with the microcharacteristic varieties Ch Λ (r,s)(M) of [19] . We show that, under a geometric condition on Ch Λ (r 0 ,s 0 )(M), Φ(r,s)(M) is independent of (r, s) if s 0 s r r 0 . Moreover, it is a D ∞ Y -module (not only an object of the derived category), and admits locally a finite resolution by free D ∞ Y -modules. We show that the functor Φ(r,s)(.) is compatible with duality.
The formal power series used by Ramis are not adapted to the higher dimensional case. We use the sheaf C This shows in particular that these solutions do not depend on (r, s) when Φ(r,s)(M) do not. We deduce from this a control on the growth of solutions of M in more familiar sheaves as holomorphic functions with essential singularities on Y or the formal completion of the sheaf of holomorphic functions along Y (see Corollary 4.4.3).
